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ABSTRACT 


Piiter networks using resistance and capacitance elee 
ments only ere frequently desirable in installations where the 
imherent superiority of an lG-filter is nullified by the 
factera of cecil weight end mutual interection. It is the 
parpese of this thesis to present @ practical procedure 
for the synthesis of satisfectory RGe-filters. | 

The magnitude of any ideal transfer cdmittance or 
impedance is first plotted es a function of w, the real free 
quency. By & chenge of varieble, w = tan 9/2, the infinite 
range of w is reduced to a finite rangs of J. Using a 
modified form of Fourler Analysis, the ideal trensfer funce 
tion is approximated, in en escillatory manner, by a Pinite 
trifponometric pelynomial. A reverse variable change trans- 
forma this trigonometric polynomial to a rational function 
of w*® expressed as the quotient of two polynomials of equal 
degree, This function, when squared, approximates the 
squared magnitude of the ideal transfer function, and is 
converted, for synthesis purpeses, to a function of A, the 
complex frequency. 

The transfer function in the varlable i is separated 
into realizable faetors, and each factor, or stage, is syn- 
thesized, by a modification of GQuillemin's basic method, as 
a group of unbpalanced=ladder networks connected in parallel. 
The number of elements in each network, the mamber of com 


ponent networkae in each stasce, and the number cf stages depend 


on the decree of the original approximeting trigonometric 
polynomial. Amplifier and cathode-follower sections are used 
to eliminate the coustant attenuation common to RCenetworks 
end to isolate individual stages. The product of the transfer 
functions of theze stages then gives the prescribed overall 
transfer admittance or impedances. 

Limitations on this synthesis method, and a procedure 
for obtaining practical element values are discussed. Then, 
as an illustrative examole of the entire procedure, a simple, 
low-pass RO-filter is desicned, built, and teeted to conform 
closely to the predicted frequency characteristic, Other, 
more complicated fllters sare calculated to indicate the 
various design considerations and tre variations that ean be 
obtained in attenuation and in width and flatness of ths 
péss=-band, 





LETRODUCTION 


Low cost, compactneas, ivamnity areinst stray 
pick-up ere practical advanteges that heave led te the ine 
creasing importance of RC-networks for filtering and 
coupling, despite the acknowledged sensrel superiority of 
performance cf LCecircuits., Moreover, in the frequency range 
helew 100 cycles/sec. the size, weight, and lew @ of ine 
ductances make it almost mandatory to resort to RCecomponents. 

The problem with RC-networks is to obtain sharp 
frequency discriminet ion. Thiessen? Fritzencer® and 
Toshmiwel” resort, as have nearly 211 investigators in this 
fleid, te feed-back to chtain sharp cuteoff features. This 
has the disadvantage that chenging tube characteristics may 
change the performance of the network. Linvii* obtains a 
more stable frequency characteristic by using tubes as equie- 
valent te -18l tranafcrmers. It fe the pirpose of this mper 
te present a complete practical method of synthesis of linsar, 
pessive HCenatworks with setisfactory frequency characteris=- 
tics independent of tube coefficients, 

This method of design follows the four basic steps in 
precedure outlined by Linv4i21* in his excellent, concise 
history of synthesis theory. The first step is a cratamet 
of the limitations cn a driving=-point er transfer function 
imposed by the requirements of physical realizability. 
Secondly, a rational function is found which satisfies these 


requirements end approximates the desired function of free 
quency within allowable limits. The third step is the reail~ 
gation of a network having this driving=-point or transfer 
function. Finally, more practical equivalents to this network 
are developed if required. 

These steps are specifically applied in synthesizing 
low-pass RC-filters from the transfer function. Highepass and 
band-pass filters Sollow directly by complementary procedure, 
The method is also spplicable to squalizing networks or to 
any desired function of frequency, 

It may be emphasized at this point treat one is design 
ing directly for the insertion loss. as in conventional 
filter design, this methed requires considerable computational 
effort, but has the advantege of civine exact resulta. 

The first step may he stated briefly. The zeros of 
the transfer function of any R=C network may have multiple 
erder and may lie anywhere in the complex planes; the poles 
must be simple and are restricted to the negative real axis, 
The other three steps will be the subject of the succeeding 
three ehanters, 





Gulllemin has sugsested that an ideal marnitude of 
trensfer function may be approximated by a periodic function 
of (@)e Then by meane of a change of variable (w = tan 9/2), 
one may obtein a function of (w*), where (a) 1s the real 
frequency, in the form of a quotient of two polynomials of 
Squeal dersres. 

In approximating the ideal transfer function, which 
has been specified by the purpose of the network te be reale 
ized, it is desirable to de so with a Tachebysacheff approxi-g 
mation which assures equal minime of attenuation in the 
attemation band end equal maxime of attenuation in the passa 
pert. Woiratrass” preved in 1885 that a continuous function 
f(x) of peried BT! could be represented by a finite trigene- 
metric series g(x) such that (f(x) - g(x) C€ for all values 
of (x) in the interval. it appears, however, that when 
approximeting a discontinuous function to the sam tolerance 





with trigonometric polynomials of equal degree, the polynomie 
woieh exhibits Tachebyscheff behavior assures the maximum 
range ever which the triconometric representation remmins 


within the desired telerance. {he degree of the function «(x) 


ami the selected tolerance togethor are interacting restraints 
which specify the range of (x) over which one may approximate 
to the ideal characteristic. 

The. primary object of this work is the desig of a 
low pass filter. The transfer function selected is the ideal 
admittance characteristic, F+(g). 
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Thie square wave must be approximted with uniform tolerance 
by the polynomial f1(%), It is expedient to use modified 
Fourier coefficients which represent the approximation to 
the square weve. Since this approximtion contains only 
odd harmonics, one obtains! 


fi(g) = at GOK $+az cos 38+ - = = + ad cos nf (II-1) 


where mn is always odd. By means of the relatien 


cos nf = 2 coe (n-1)9 cos P-ceos (n- 2)9 (Ii-2) 


“J 


G S08 n§ yields a term in (5A and the transform 


pl (y® 


3 it, dee = 
F-(3) f*(w*) gives f*(m*) ter) ° 


it therefore 
becomes necessary to modify the denominator of t (es? ) in 
order that there be no miltiple polez, because of the con 
straint placed on the poles by the requirements of physical 
realizability of ReC network trensfer functions, namely, 
the poles must 211 be simple and lie on the negative real 
axia of the complex frequency (A) plane. (later a methed 
ef accepting miltiple poles will be explained). This modi- 
fication can be accomplished by the separation of the poles 
of £2 ( i? ) such that the preduct of pairs of polea equals 


unity as down below? 





-; ~B, = 


FIG TT -2 


Aecordingly (1 +u*)""" a6 modifica to B,(e?) where 


; B en (@* ) = (@” + BI )(a* “ rales + BE) (@" +o) a 


Se 
x a? 


= 
ne? 


cee (a* + Bg) (o* + 





(IIeg} 


This change has the effect of mitiplying tf) (w*) by 


2 Ne 1 
te) - = Which has the value unity at w=0 and 
® = co and is smallest at @=1. It is then necessary to 
precorrect £+(@? ) in erder to avoid the effect of f,(w*). 
To make the correction one transforms f£,(e*) into f,(f). 


It can be shown by algebraic manipulation anc the trensform 


1, ._2 
(@ + =) gin g >t 





re a = - (65 gee ®) 


(l= cos 2 





(a? + 6G) (at +) 
Therefore: 


f(g) = 2 + (l= cos 2g) | oon la + + Sed cos 2p) (II-4 ) 


The approxiration r+(g) 3 wig) is now modified to 


£(a) = A = Fig) (1165) 


where £(%) —~ f(w*). 

The number (S54) of odd harmonics used to approximate 
r'(g) fixes the mumber (n) of poles of f(o*) ané@ the number 
(nel) of poles ef f,(w*), The values Br are selected so thet 
the networks resulting from the synthesis procedure have 
desirable element values, With these values of Bi f, (p) 


is formed. To obtain £,(B)s the product  (g) x f, (9) is 
plotted as indicated. 
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in order that the extrema of f,(%)/f2(#), in the range 

O< $<, shall deviete from F-(g) by 3¢€, it is necessary 

that £,(f) approximte F#(g) x fz (9) in the same range in 
such & manner that points of inflection have the values 

f.(f) a/e te! e Two curves, £4 and B (Fig. II-S), are plotted 
having the values f2()|1/2 s € respectively, and by a cut and 
try process £,(%) 1a obteined such that it approxinates 

PL (g) x f£,(6) within the limits of these two curves. This 
cLi¥On 


£,(9) =a, cos J +a. cos 56 + 14. + 2B, Cos nf 


The chelse of the separation of the pelea of r* (e?) such 
that the preduct of pairs of poles is unity is mow apparent. 


It ean be shown that only if this is true is f,{8) eeometrically 
even about ¢ =71/2 and only unter this condition will £, (9) 
be odd about 9 =71/2, a necessary condition to permit cor= 
reaponding TPsachebyscheff behavior in both the attenuation 
and pass bands. 

A constant ay =1/2 is added to f(f) to obtain the 
following desired rea lt; 





Two precedures cen now be followed in obtaining the 


rational transfer function in factored foru, 





Form £(9) = — 


f 
Porn F(f) = 1/2 +2(9) = 2 sai 
az 


it 


By means of relation IlI-Z obtain 





fh ig) 


“2H 


ow factor £o (ps) into ite roots 


cos $, = 0,3 s08 P. = Cos eeof Cos Z = C,, 


i- cos 9, 
by meena of the relation a = Tygog gf Obtain why weF «+. of 


How? 
Pia* 
(0) ee 
1 : 
+) Seat | (o® +82) (u* +B ) 
sv) ae (1 + @*)? 
wel, 
Fhen? 


£4 (A) (a = ay )(t* =~ ag) eos (a? = a?) 
£2 (9) Fla*) ; 


(oF *BE)Ca* + Be) vee (uP 42) oe (oF +85 9) Ca" age) 





o 
_ 26?) = By Cos P+Be cos"P+t... + B, coat? - £¥ (ps) 


u 
By meens of the relation cos"g = oa de 


2ne2 
9) cae . De uo” + De .g® teeo *¥ Do 


(c* + BF) (a ool tljooo (a al *Br 2) 


Then form and factory into its roots F(«) = 1/2 +£(6") 

An exemination of beth procedures reveals that less 
computational labor is involved if Procedure I is followed, 
In either cass, great accuracy is required. This is particularly 


true in Procedure I because of the transform » = tan 6/2, 


> 
JA ae es ed a ee See eee 
— 
" © Nit = 


FIG I -5 


it can be ssen that &@ small error in determining the value 
of g. may give a large error in the value of ee 

A modification of Procedure I is possible so that one 
always factors a polynomial in w* rather than in ces ¢. In the 
polynomial £3 (9) make the substitution cos"¢) = ~ . 


= 
£5 (B) as aitio and factor P(a*). 






> 4 
Li 


Havins cbtained the rational transfer function F(@®) 
in factored form, it is now squared and one makes the identi- 





fication 
F (@*) 
| 1 
Oo 1 = a Oo 
FiG a —-6 


Xyg(a)|* = F* (w*) ‘Since Yao |* is always positive, one 
sees the necessity for squaring F(u*) . 


p A¢+p MV ®.0 + pa? my (2) +n (A) 
Vv (A Do * Pi 7 fa = a | 
wow 189) * aay * Go FGA HQ A” toes + GQ A® = My lA) tmp (a) 


whe re he and mM, are the even parte of p and q, and iy and Ry 
are the ode parte. Then p(-\) = m =n, and q(-a) = By @ Kine 


Yherefore, for pure imnginary values of (A), one has 


| . £ ne 
¥. td = a Ti & . 
2) * at) ate F* (us?) 


The problem of finding Po «ee BD, and Go ere Gy from 


F*(w") may be done 6asily in the manner of cewertz © as follows. 


ii 


Substitute -\* = w* in F*(w*). Sinee F*(w*) is already in 
factored form, this gives the A*-rocts of (m5 -nj) and 
(m2 =-ne)g the A-reots are therefore obtained by inspection. 
To fora Figs)» allet the leftehalf=-plane A-roota of 
(aj - ni) ) and (mZ= ng) to p(A) and q(a), respectively. 

As an ‘4liustration of this method, an example con- 
sisting of the three poseible types of A*-reots follows: 


Givens (mi) ns) = bs" + Ce? +D)* {e* +B )® (yw? ~ A® )* 
i iL iit 
I (a*. C* +D)(a* CA® +D} = 0 
Mt =x prot J®, r*e7I@ 


aaft ve2 19/2, + wet 52/2 


ore" 18/2 - +re 39/2 


e:4 
f 


— 


i od a 
Hence (w* + Cw” +D)2->/(a +red®/2 (4 +re je/2 


= a? + (49/2 + o759/2) +r? , 


TI (1,7 +B*®)(~aA* +B*) = 0 


\ jo 


Hence (@* +B* )®——> (A +B)* 
lil (=, 7% ~ A= )(- A= = A~) =O 


* = ~A*5 ams A* 


71IEF 


ee e Tae 2 
net jas 235k. 


~ 


A ja 


+jAe otjA 
oA 
ne ne 
ofA? 

~jAe eon JA 


Hence (w* -A*)*=*_, (A+ jJA)(A- JA) = A® +A*, and 16 


Je coincides 


is seen that III is a limiting case of I where re 
with r°e"J®°, This also shows that negative real *-roots 
must be of even multiplicity, which corresponds to positive 
real w°-roots being of even multiplicity. From the above one 
can now write: m, +n, = (m* +BRA +P)* (4 4B )*® (A® + A*) 


eo etic LE 


where I = I + & [2 


An alternative method naturally presents itself. 
If a constant (€) is added to F(w*), F'(m*) is obtained as 


shown below. 


F (uo®) 


_- lg 


FIGH-7 


The identification 


2 
K=jo 


¥y2'd) = F'(@*) 





' 


can then be mace, since F'(@*) is always positive. One then 
proceeds to find Ly ol) as before, it must bo realized that 


in the first case 





Yyo(\)) = FXa*)| while in the 
‘'A=JO 


alternative case Held) = PY (es ) 
Example: 


The ideal trensfer admittance is to be approximated 
with @« trigonometric polynomial of third degree and to a 
tolerance of 0.07, 


Select 8, = 5/8, then; 


ss 2 e Pa 
w? +B) (wo? +1/87) _ (w® +0.3906)(w*® + 2,560) 


( 
f£i(a* )=—- = . 
wm (a? +1)* (o* +1)* 


£,(%) = 1.11883 - 0.11883 cos 29 








| 
B- £,(9) F+() | ¢ (B): f. (B): 
Hpi} EAB) - ee 2, P) [a7e +€] [a/e - c] 
oP 1,9009000  ~ 0.500 0.070 = 0 570! | (0.430 
200 1.02781 0,514 0.072 |_.01586 0.442 
oes ip lea Ty | } sr 4 
409 1.09815. O.649-- 0,077" 0626 0.472 
50° 1.13951, 0.570 7 0.080%, 0. 650 0.490 
70? 1.20985 0.605, 0. 085 0. 690 0,520 
90° 1.25766. 0,619" -©.087-- 0.706 0.532 
Li t° - , . 
ip tt ai smendurotatel mare et =o oe —_- i ar. f 
, : . 
Fr Oe 2 (f) and thie. curves A and DB ere plotted in 


Pigs Tingy: fy: ‘grip 2,19) = Os 6657 cos ff - 0.2557 cos Sf is 
obteined: which anproxiuktes Ft oy x 2,9) ag shown in this 





t 


sane Figure. i. SSN re file " 
ey eh | | | 
cdi ae £, (0) 2 1.11883-G,11263 ‘cos 24] 40.6637 cos #-0.2537 cos 3f 
(ay = 2" if to) ’ | ct : Be ae . ‘a t= » (2) ‘ : 


° ‘ 
4 
1 > ei | 
ot 


Bhs 0. 11883 (2c08*6- oh +0. 6557 an 624055718 cos °H.3 ‘cosg) 





qn, <mdis eann~ ee , meal 


il: $ 


4 
(a A “A 4 + me 
{ cS ee et erate Ab 2 | 
‘ : “4 bre ? . 





“Phe roots or 0) are; Hei | 


cos Ph ae 7 0n081885 eae Be = 2968205 cos 8 Ps = 1.50624 


Farts eye es : 


- 


(ob BenPa ot ~ 5e272) (* +.0614592) | 


F (6 of) = 
(oF + 908906 }(w® tee HOB on Time 
G2 +20,91) ta" #55272) 4 0.570)" "= 
LQ) —— eee 


12 ~ (, #0, 625 )* (A +1)%(A +1.6)* 


se teteitn wit tae o eee en TS ts 
ot RE son THESVO + U doo VeO.O = (Rie catae ye «18 
ead me) cwods ow (Q) 5% 2 CW) T wepmetzonges cule : . 





CHAPTER III 
Saas Soe 


THE NETWORK REALIZATION 
a 


The preceding chapter has given the rational transfer 
admittance function, YiglA)s expressed as a quotient of two 
finite polynomials of equel derres. As the third step in the 
general synthesis procedure, it now becomes necessary to 
synthesize a network or combinetion of networks which will 
realize this ¥y9(a} function. ‘Two steps are necessary: 

(A) To divide the Y¥,,(4) function into realizable 

factors. 

(3B) ‘To develop a procedure for synthesizing RCenetworks 


to realize the tndividval factors. 


Ae The Division of Yyela) into Factors. 


rom Chapter Ii we may write the general form of 





Yap ass 
(1) When ee is an sven integer: (n is degree of 
trigonometric approximating polynomial ) 
| (w” +A?) (we? = By) eee (0? Bnai)(e + 0,0 +Dy ees 
| %12| > * | +87) (a* +o 4-)(a* +85 ece(a® +1)oee ; 
a 


R 
eos (Oe + Ong wo” +B, a % ) 


(III 


oO Set GEih te a> SE a ee SP Or ee aes a em ae — 


na (u” + By ee) (wu? + a) 
Pree 


mod 


(2) When a is an odd inte rer’ 


ed 


(@* = By does (O* = Bygy (wo + Cy 0" +Dy eos (o*#0,.30%+ Dp.) | ® 
Ix — a aot md? | 


12 

















(a +85 ) (a* +-te)ees (Ww? + Leos (a* +B ) (w* + ) 
65 Brim2 J 
(IlIe2 ) 
Now, according to the metrod outlined in Chapter II, 
one obtains’ 
(1*) 
(A #A)E (AE 4 Bs ae (A® +B gy (A? + BA + Fy Pees 
bent? Dine sm ame ok —_— oo am © 
ug!) = (+6477 (Xd bee (A +i)* * 36 
Ay 
eva (a* +E Las + Pin )* 
(IiI=3) 


vee +Bnag)* (A +9 
1 


Where F, = Py 
By = (0, +2 Dy 
(21) 
(A° +B, )ooe (A® * Bygyz) (0° +Eqd + Fy Peoe(A® +B A +Fy3)* 
Lg (A) S) nee Sere 








(A + B,)* (a ta V owe (A 1) eealA +B )* (A +es)* 


(IL l4 ) 
From these general formmise for Yy¢o(s) it is obvious 


that cne rust divide ¥,_(a)} Snto es product of at least two 


22 


transfer functions, since for physical realizability of an 
nCenetwork, the poles of the trensfer aémittance function mst 


be simple. 
For case (1'), a symmetrical division gives: 


(S,) (S, ) 
Yip) Yep * A) ay * (a) 
(S, ) 
(S;) 
EE + a 
“12 a) (A+B, (A +b) ns + (a + tne ) — 
By . By ees \- eee 6 2) Fe 
7 (Se) 
(So) 2 
Yio (= omen 





, (A +84 (A teens (2 +Ljeoo (A *Boeg (A +g) 
nae 


For case (Z'), a symmetrical division is not vossible. 


Rewever, one can haves 


(Si,) 


12 (A) (III-6) 


(35 ) (Sp) 
¥y9() = Yio (A) x Yi0 (A) twee & F 
By 

As before, it is necessary thet Yio (A) have only 
simple poles. furthermore, as a result both of the approximtion 
procedure used and of the synthesis procedure to »e developed 
in the next section, the numerator and denominator polynomials 
of Xyo *u (A) should be of the same derree. 

The statement made in Chapter II thet multiple poles 
could be accepted in the overall trensfer function now vecomes 
apparent. Yio m (A) umst have only simple poles; ¥5o(), 


however, may have poles of any even multiplicity up to k. 


(3,,) 
The group of networks obtained which realize Yio - (A) 


is now termed a staze of the filter. by & cascade of stages 
separated by an amplifier (necessary because of the constant 
attenuation in the stage) and a cathode-follower to present 

an impedanceless source to the succeeding stage, the ovorall 


funetion,; Y,o(\), is realized. 


B. The Basic Synthesis Procedure 
The besic procedure for synthesizing RCenetworks from 


u 
a transfer edmittance function, Yy0 (A), @xpreesed as a 
rational quotient of finite polynomiais of the same dezree, 
hevins no multiple poles, is contained in ‘mitlemints paver, 


_ ~ a t x « F P 
“Procedure for Synthesizing RC=Networks.”/ Bxcerts, in a 
summarized form, from this paper follow. 


Civent ° = 
(8,,) _ pla) — 29 tah + Agr” + roe + Oph 


“ye 8) © a) By) #Bglees(A4B,) - OPA S Pas #00 Pige 


Form the polynomial: 


Q,(A) = A(AF+ GA +ap)oe(A4+G_)f (a) > 9) 


in which 


Bic M1 ¢ Bot Sg KC vee CO BAK Be 


Choose & nonzero valuo for A suck. that 


A Oy Gs ae 0 Go ei By Boece Cs e 


Cd 


he; 


Next form q (A) = (Ade agil(aA). § 


a, p/ay 2 .2Az 

Yao — = EE A a aE 
™ — 
G9 


en write 


L+¥oo ° 


sand mike the identifications 





yrites: 


‘} a dy,A™ + Gy a Feee a5 A + Ps a mi 
Y22  hyA™ +h iA teeetb Ath, Ge 


it 


‘ mi... ee 2 
ee i ne eee 


mm — 
hy A +B a? +ee. + Hyd + he 





er 


By reneatine tliis process, tho followinc continued fraction 


expansion is cbtained’ 





iin -— —_ = 
‘oe OCU 
Po + 1 
Cad + « 
@ 
7 1 
‘Fa a 





To this form for Yoo there corresponds a ladder network as 


shown below: 


| {\ ims A _-—-—- — | 
Cm Ce Cy 
Tf rr. 


OHMS AND FARADS 


FIG MH-2 


This network has the short-circuit Gdriving-point admittance 
Yoo and the short circuit transfer admittance yig) = A/4 
in which A, i8 @ positive real constant, By considering the 


admittance of the network as A approaches zero, it is opnvious 


Ghat A = 
oO 1 t2o + Ps aoe + Bm + Pt 


Wow consider egain the function Yao in the forms: 
get h. a e093 bs 
Yan GUAT © a, Fal Foe. Gad "8°" 4 Sarg 
2 


AG this point ons reverts to the procedure for the first 
network, finally ~~ 


= i. oh, oe 
Tae 1 “ Po + i 


CoA ft 
"4 oie 
aa? A 
ear 3 


to which there corresponds the network: 





OHMS AND FARADS EXCEPT AS NOTED 
PiGrii=> 


The value of r's and e's are, of course, different from those 
obtained fer the previous network, The present network has 
the short-cireuit driving-point admittance yoo and the short» 


circult transfer admittance Tag’ 


= A,\/Q, in which A, is a 
positive real constant. A, acain is determined vy letting A 
approach zero, If Ey is applied, the impedances of the shunt 
capacitance branches are so large compared with the series 
resistances that E, approaches E. Then the shortecircnuilt 


current 


Yas = + zs - = ~~ af 4 approaches GC. 
Ay is therefore de Cys 


The next expansion of Yoo follows the pattern of the 
previous one for two cycles and then finishes as in the first 
case. Continuing in this er = finally obtains a network 
having the functions Yoo and vie * a « 4&4, is obtained by 


the same reasonins as used in asian A, and A,. This 


network has the form: 


{ow Sm ~~ rel S3 


Sm 33 32 Si 


> 
S2 | 02! 


= De 
' Ir OHMS, g MHOS, S DARAFS 


FIG -4 


Now it should be recalled that the Yyowfunctien of 


the desired network is 
m2 


a 
Vie = ath) - a, 12) — Sak 3 


or 


(0) 74 ) (ua ) 
ge, ale +e. . 


V2 


{1) 
5 Yio 9 


ete., are multipvlied reepectively by the factors Bo/hos 8 /A5» 


if the admittance levels of the networks found for yig) 


etc., then it is clear that the subsequent parellel connection 
of these networks ylelds a resultant cne heving the desired 
¥,g7function. Towever, the Yoo" Unction of this resulting 
network wlll evidently be the desired Yoo Multiplied by the 
constant . 


2. a 
Oe Rt gt tee +p. 


Zo avoid this result one should multiply the admittance levels 
of the networks feund for yi8?, yi), ee» Otc, by the factors 


a oA 6% a, /A, Gy eo» OFC. respectively, The parallel connection 


elo! 


's 
Pree §. 


ef the resultant component networks then yields a network 
having the short-circuit driving-point admittance Yoo and 
the short~clreuit transfer admittaney y,o/G. The transfer 
admittance for a one-ohm load becomes vis" Jay which is the 
desired function except for a constant smltiplier, 

(% mey be emphasized at this point that the fundamental 
networks are obtained solely from the denominater polynomial 
of re" (als hence, with these networks any numerator poly- 
nomial can be synthesized. 


Ce The Medified Synthesi 


_ oastene citiainnsed ope . 





s Procedure. 

Gaillemin has sugrested a modifieation of the above 
methed, to haive the number of networks required to realize 
@ given transfer admittance function, by realizing two terus 
of the numerator polynomial of ye" yea) in each netwerk, 
This modified method is developed below. 





FIG II-5 


Fipare IiIe5 shows the first network developed, by 
the besic method. This network has the short-circuit driving 
point admittance Jog and the short-cirmit transfer admittance 


v2? =A/a,- If a unit voltage at Eg is appliedt 





(o) (oe) ay a . — m 
‘a "Fp 4G“ E, sc * Ta 


The elements at the short-cirqmited end cof this network 
may be modified as shown in Fig. IIl-6 below without changing 
the shortecirouit driving point admittance Yoos provided we 
Kee pe 

& * Spy = Om +] 


C +0, =C 
& 


’ Ja tm re rq 2’ 
1G cis as 
| | 
Tee 4 = gE m Cm-t C2 Ci T 
, | || 
| 
1c ae 2 


The short-cireiit transfer admittance, 1 » is nowe 


¥ 


(o,1) 
Yeu ? 2 Fr 02) - “ae x Tee = By (ae + Cp.) 


2 

C 
Ther ba (+ a) 
- (eo) (em #0,a) Soe 


Oo 
V12 ~ Vie Sm -+). S41 


ee &@ 
Wow if —t = 2 
ae Ca 
“o (nj ¢e,a) (2)(e, +040) 
th ~~ meet) Ee 
en Vyq'%et) = q, . a5, 


oat 


(A) (ag? tan) 
ES so 


Similarly 
WLLaArly, Vis Gy 





As in the basic method, it is necessary, in order to maintain 
tne correct Yoos to accept a constant multiplier in the shorte 

: y 
circuit trensfer admittance, 1L.e., = where ¢ = Ga tGot Gg tees 


ewe Goa Consequently, one multiplies the admittance levels 
s VT , 


raf 


of the modified networks found for Fao eve CUCe, 


by the factors + “2 eee CFCe, yeagantivaie, and ——- in 

parallel the resultant component networks to realize mn! r (A) ° 
Aetually, it is net necessary to separate both C, and 

Pru LR to series and shunt branches, The three equations thet 


must be satisfied ares 


Eo * Bm = Baan 


 *& -S 
aL. 
. Ge 


i 


Now consider the ratio ¢ ra’ Sm4° if ay = =~, select Ce = Cry 
+ O 


Oy, = Q, & * a. & * Oe 
tf oy Ce al (the usual case), select Ca = Cyy Cy = 0, 
Em+L 


ol 


&. C a 
B= Cy ms Sy = Sma, ° Bye Finally, tf aay = select 


2 
Ey = Sat» Bp = % Cy Gan ae Sy = on ~ ge 


Consequently, not more than one additional element, 


either C or R, is required for any component network, 
It may be noted here that for the renerrl m=pole stage, 


the maximum number of elements required, includin;: the terminal 


resistance, is? 


moda HW, =m*+ 2n +2 
MAK 2 
of which not more than aan 


a 
and not more than ut Fh 


meven K, =m + 2m + § 
mia x e 
of which not more than nee 


and not move than aie 


are resistances 


are canacitances 


are resistances 


aro capacitarces 


abe 





Sinee the individual networks are already in the de- 
siraple® form of unbalanced-iadder structures, all that is 
necessary in the fourth step of the synthesis precedure is 
to insure that ail final element values are physically 
realizable. To retain generality in the choice of cuteoff 
frequency end impedance level, the overell spread of element 
values within cach normalized stage must be controlled. 
specifically, the physical limitation imposed is that in 
@ single normalized stage the largest element value mat 
net be more than approximately 10° tinss greater than the 
snallest element value, This ovsrell spread is eae function 
of various arbitrarily selected constants throughout the 
degicn procedure. Empirical criteria must therefore be 
developed to serve as suides in the design procedure so that 
the resultent networks can actually be bullt. 

The factors affecting the spread of element values 
aré Listed in the order in which they cecur during the design 
precedure as follows? 

(1) The initial decision as to the attemmation end 
passeband-width requirements, which fixes the 
mumber of poles of the overell transfer admite 
tance function, Yyo(a)-. 

(2) The seleetion of the number of stages to be used 
in obtaining Yy9(A). 


° 
* 
a» 


(85) ,) 
Since “2 ) = Yye (A ) x Yi0 (a } K aoe 


(A 
ooe YS Sain) ewe Yio tad, attention can now 
be confined to Yao ‘Su (a). (6) 
(3) The selection of the poles of Yjo0 (A). 
(4) The selection of the peles of the short-cirqmit 


(s.,) 
transfer admittance, yy5 (A) 


(5) The are constant multiplier Su? 
3 
in forming q, “ (A), which fixes the zeros of 
the short-circuit driving point edmittance, 


(S,,) 
Joo - (A) 


Stringent performance specifications require that a 
trigonometric polynomial of high decrees be used in the approxi- 
mation procedure. The degree (n) of this polynomial fixes the 
mumber (2n) of poles in ¥y0(a) and hence determines the com 
plexity of the resulting filter. For a minimum guaranteed 
attenuation of 20 to 30 decibets, a G-pole filter will have 
& pess-band width of 65-60 per cent of the cuteoff frequency, 
a@ l4-pole filter &1 to 76 per cent, md a 3S8pole filter 95 
to 94 per cent. 

With n determined, an inspection of equations IlIi=-% 
and IiIe4 shows the analytic form ef Yye la) and indicates 
pessible subdivisions inte stages. The resultant spread of 
element values and the excessive gain required indicate a 
maximam practical limit of seven poles per stare. Vo reduce 
the nuwaber of amplifier sections, it is desir®ble to use a 


minimum number of stages. Howevor, the use of more than this 


rit 
minizmum muaber requires fewer total elements with a smaller 
everall apread. The process of synthesis is also greatly 
simplified beeause less complex networks are required. 

To obtain a small spread of slement values, the poles 
of Yio “a should be well separated. It is this factor which 
Linits the maximum mumber of poles per stage to seven. For 
ease of approximation and to increase slightly the pass~band 
width, the poles should be close te anity. These opposing 
considerations both indicate the use of a minimus number of 
poles per stage. Consequently, the decisions on the number 
of stages and the mumber and lecation of poles in each stage 
must be made simultansously, and are compromise selections. 

An empirical proesdure only can be given for locating 
the poles of yyo a (A)e Experience indicates that hs w 
should be slightly less than 5 Sw )aan and that a “Su) should 
be of the order of four times 6,2), 

Tne selection of a (Su) is the most important fastor 
in determining the spread of slement values, Since Aaydp eee 
Gi< ByBe oe+ Bis the allowable range of 4 Su) is linited, 
it is always possible within this renge, however, to choose 
a value of A such that the elements in each component network 
oscillate about the value of RK, and Cy, providing a minisnum 
spread, The first selection of afSu) should be 


(Sy) : 
4 = T¥@jag <a) (Iv-1) 


fhe polynomials a, 8) (a) and a (Sud(a) are now formed 
anc the fundamental networks synthesized. If the resultant 


efal 


spread of element values is too great, the problem must be 
begun again, relocating the poles of Yyo°™) (a) with greater 
separation. If the spread is satisfactory, the eaedmittance 
levels of the fundamental networks are next corrected to 
synthesize ¥,.'°4)(a). This process increases the spread of 
element vaiuesgs consequently it may be necessary to adjust 
A slightly to reduce tke spread or to lower the amplifier 


sein required. 


od 
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DESIGN AND CONST MUCTION QF a 








fo serve as en lllustrative example of the entire 
synthesis procedure, the steps in designing and constructing 
a simple RCefilter are detailed in the following sections. 
The filter was tested to conform closely to the predicted 


frequency characteristics. 


Desig Ne 
It was desired that the filter: (1) be as simple in 


desien and construction as possible (2) possess Tschebyscheff 





behavior, with et least 23 decibels minimum suarantesed atten 
uation in the attenuetion=bpandj and (3) have the maximum 
pass=bend compatible with the required ettemation and the 
limitations of practical censtruction. ‘The first specifica 

tion is met by selectins a six-pole filter. MTschevyschef? 
pehavior with the required sttenuetion is obteined by the 

siven | approximation procedure, with € eqial te 0,07, 

{he psass~-band width is largely fined by these previous selections, 
but is slightly decreased from the meximun thecretically possible 
by the necessity of locating By ond 1/8, (Fig. Vel) sufficiently 
far from waity that practical element values may ve obtained. 


The graphical procedure to obtain the approximting 


function is given as &n example in Chapter TI, and yields: 





F* (@*) = 





from which: 
¥..(a) = (A* + 28,21) (a* + 5.272) (i + 0.379 )* 
12 (A +0,625)®(, +1)7() +1,6)” 
Separating into stages: 


Ye D(a) * Ye x) 


ij 


Yyq(a) 


(A* + 50272) (i +0578 ) x iA* +28,.21)(\ +0,579) 


(A +0,625 ){A +1)(A +126) (A +0.625)(A +1)(A +1.6) 


This symmetrical separation of Yes) allows the same 


fundamental networks to be used for both stages. 
To synthesize Y¥ ($3) 


of the short-cireuit transfer admittance, Yio» are selected as 


(A), the poles (a), ap, and az) 
shown in Figs, Vel 


—XA3 =—5.0 






—¥g -1.60 


A =T+jw 


Fig. 1 


Form fin) = (A +8, )C0 41) +i) = \° 45.225 v2 +3,225 4 +1.000 


Porm 4, (A) = & (A+aq)(A+eq)(Atag) = A (A5+ 7.40A7 + 15035 A+ 6,75) 


0 bs 


As the first trialt 


h 
A = TF a,ages = 0.129 


The resulting networks have a very small spread of element 
yalues. lUowever, by accepting a larger spreed, the sain 
required 1s reduced by selecting A as 0.05. 

Thent 


45 (A) = 0605 4° + 06570 A® + 066675 A + 065875 


@(4) = @(,)° 4g (,) = 0695 AP + 2.855 A® + 255575 A + Oy 6625 


identifying yp, 26 G@o(A)/a, (A), one obtains by 
continued-fraction expansion the fundamental networks shown 
in Pige Ve2. | 

fo obtain the admittance-lLevel multiplying factors, 


. (8) (2 
‘12 Ma) = a 


ota) = (A? +5,272)(A + 0.379) = AP +0.579 A® +3,.272 41,240 


one writes? 


= anh” + Bipd® tari +t By 


©.00368 o.0644 o.399 o.0626 ; 


262 15.8 432 
— | jj fet 


NETWORK “o" 


2.48 3.70 


: ©.0186 o.294 
| * 
40.3 
NETWORK™2. 


FIG V-2 


Bo 
Bn ” Gr ay a 262-6 x 0.3579 = 


oS = 4 ~ Se = 171.8 


52! 


0.0734 ©.510 


PLS 


999 





VALUES IN OHMS AND FARADS 





iG 
dn | 
A poe . [nts heh. <n Oe 6625 
2. 4 
; = e = 
+, = Eg, = 5-10 


For Network *2*° 
Sess see ee ee 


4 


Gy = 40635 gy = 55.% Gg/ay < Og /ay 


{ 


Ce - $0035 C. = 9 


i 


A 
2 eens Pe 
&. = “sa, Ss 4063 x 04379 = LSed 


< 


By = B47 Sg = S804 


VALUES IN OHMS AND FARADS 


FIGWV -4 


Gi 


A. = G Oy Ooh = 90,2266 
a 

G. oe eh = 5,87 
2 Sa 


Then 
G=64¢ #+G 2 10.937 
; o L 


G/é = 0.4653 G_/G = 0,5355 


The edmittance level of network “"O" is now multiplied by 
0.4653 that of network "2" by 0.5355. The two networks 
connected in parallel and terminated in a one-ohm resistance 
have the transfer admittance ¥,.°2) (xy/10.97. 

To synthesize ¥,, Se) (a) the same fundamental networks 
can be used. The admittanceelevel multiplying factors are 
obtained as before, giving a, = 44.0, G. = 5.87 and G = 49.87. 
The secondesteve networks in paraliel have the transfer 
admittance v,, ‘2 den )/49 87. 

The gain required for the amplifier is computed as 


(S. ) , (S,) 
(i) ‘ ¥ (e-) °" = 4162 


The completed design, still on a normalized basia, 
is illustrated in Fic. V-5. 
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Const raction and Testing. 

It was decided to test the filter at a cuteoff free 
quency of 1592 ecycles/sec (@ = 10* ) and at an impsdance level 
of 10° oluzs,. Therefore all elements of the normalized filter 
were mecified to mest these requirements by multiplying resise 
tances by 10% and dividing capacitances by 10°, 

Standard elements were combined to obtain the calculated 
values within one or two per cent, the measurements being made 
with a General KRedio Impedance Bridce. 


The two stages were tested separately, using the 


comparisen method illustrated in Tis, VG, 


OSCILLATOR 


(A) 





(A) HEWLETT-PACKARD AUDIO 
OSCILLATOR MODEL 200C 


(B) GENERAL RADIO AUDIO 
FREQUENCY MICRO-VOLTER 
TYPE 564 B NO.470 


(C) BALLANTINE ELECTRONIC VOLTMETER 
MODEL BOO NO. 232 


FIG V-6 





dt 


Over the ontire frequency range, the input voltage, Eo? ta 
the microvolter is held constant. At amy frequency for which 
a measurement is desired, the vacuum=tube voltmeter is used 
to read the output voltage, Ee of the filter atege. The 
D.P.D.T. switch is then thrown to the input side of the filter, 
and attenuation is intreduced in the microvolter until ite 
output voltage, B,, is reduced to Eo The attenation=-meter 
of the microvolter is graduated to read directly the ratio 
By /B,. 

The resultant overall frequency characteristic is 


plotted in Fice V~"- 


Results. 
The extent to which the filter meets the original 
specifications may be summarized as follows? 

(L) Simplicity in desig and construction is only par 
tially attained, Im addition to the amplifier, cathode-follower 
section, a totel of 4 networks, using 54 elements, is. required. 
This complexity of structure is probably the sreetest defect 
of the filter, but appears to be imherent in any RC designe 
The overall spread of element values is controlled so that 
ne difficulty is encountered in obtaining any individual]. 
clement. An examination of the structure shows that the 
critical elements are located at the output end of each stagee 
Teste indicate that the filter is insensitive to small veriae 


tions even in these critical elements, and that an accuracy of 


x5 per cent in element values suffices. 


(2) The frequency characteristic of the filter exhibits 
Teckebyscheff behavior with a guarenteed Mininum attenuation 
of 23 decibels. 

(3) A pass~band of 63 per cent of the cut-off frequency 
is obtained. 
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CHAPTER VI 


.DESIGN OF OTHER LOWPASS RC-FILTERS 
ceress Sen eee ester ee 


A, Zhe 10-Pole Filter 
Symmetrical subdivision of ¥,9(\) for the 10-pole 


filter is not possible if the approximating function is 
F*(w*). However, the alternate approximeting procedure 
Gescribed in Chapter II, where one obtains the functicn 
Fi(@"), can be used here to overcome this diffieulty. 

The #'s and a's are chosen as indicated in Fig, Viels 


yw 


r 





X=X 35 OFF 


FIG wt -il 


and the constant A is selected as 0,10, The resulting funde- 
mental networks then obtained are illustrated in Fig. Vi~d, 
The tolerance (€) is selected as 0.03, and following 


the procedure of Chapter II one obtains 


£_(8) = (1.11883 - 0.11883 cos 29)(1.55125 - 0.55125 cos 2) 
and 
£,(f) = 0.906 cos J -0.536 cos 39 +0.160 cos 54%, 


The latter function approximates F'(#) x £,(%) as shows in 
Pi ge Viede 


Then 

ft’ (g) 

(8) 8) 
SPL 


= (f) * £56 cos"? +0, 158871 cos*¢ - 6.544 cos og - 0,9380256 
+ 3,314 cos 9 +1.3'79155 





= (cos $+ 0.641)°(2,.56 cos*g-5.705 cos # +3,3366) (coe 





(cos 9 + 0.641)" (a_cos*g +a, COs Pra, )(cos g+1) 


The Gueacdretic factor is in the ——— ae except. 
for a constant multiplier (this constant is y(n)" aij, and 
is converted directiy to the quadratic form $n°(w?). The 
factor (cos +1) corresponds te an infinite wo*-poot and hence 


reduees the numerator of F'(w*) te the fourth degree. 


P1g®) + 5,005 (@* - 4.571) iw 29 1: 
HNO") = TH 35, 8006) (a +2 





(Vie2) 


(a’ +4,571,)(A® +0.6285A +0013) _ 
(A +O- 625) (A #266) (A +1) (4 +0,.4)(4 +2,8) 


a® +0, 62850° +4, 701A7 +2. 873A +065942 
(A #0,6285)(A 41.6) (A +1) (\ 4+0.4) (2 +2845) 


i 


Yy96) 


The fundamental notworks are then modified to realise 
this transfer function, and the resulting normslized filter 


is shown in fig. Vie@, It La necessury to cascade two of theese 


: 
4 5 


filters to obtain the frequency characteristic of Fig. VI=-5, 
giving a voltage ratio equal to F'(w*). The final ten-pole 
filter has a suaranteed minimum attemiation of 2454 db., a 
pass-band width of 68% of the cut-off frequency, and requires 
a gain of 955 per stare. 

The relative merits of this alternative procedure 
may now be summarized? 

(1) Greater accuracy is required in the graphical 
approximetion worke 

(2) A completely symmetrical subdivision into stages 
is possible, greatly reducing the computational work necessary, 


and giving more flexibility in design. 
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VALUES IN OHMS AND FARADS 
FUNDAMENTAL NETWORKS 


FIG VI -2 
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Be The 14-Pole Hilter 

it is possibie to design the 14-pole filter with two 
7epole stares, using either approximation procedure, liowever, 
to illustrate other methods of design, it was decided to use 
Tour stages. 


The B's and a's are chosen as indicated in Fig. Vi-6, 





“V2 = -Y%s Vie -Y¥5 


STAGES |AND 2 





-V85 -\ NB 
STAGES 3 AND4 


Xx =—xX Oa =) 


FIG VWI-6 


(S; 0) (Se 4) 
a ee is selected as 1/7 andA °?9* 


8S 0.09. the 
resulting fundemental networks for the 3=pole and 4=pole stages 
are jlillustrated in Fic. Vie", 


The tolerance (€) is selected as 0.05. ‘Then 


£.(9) = r\®1,2) (g) x r\85,4)(g) 
= |(2,028125-0, 028126 cos 29)(1.1125-0.1125 cos 2f)| x 
x | 1. 028125--0, 026125 cos 22 | 
Graphically one obtains 


f,(f) = 0.7033 cosf- 0.294 cos 39 +0,1387 cos 5f= 0,098 cos 7 


This function approximates F?(g) x f() as shown in-Fig. VI-8. 





Then 
0, +f 
2 
= (=6,272 cos ‘g ~0,.000356 cos °¢ +13.1952 cos°g +0,01531 cos*¢ - 
= 96438 cos°f~ 0.19829 cos?% +2.9648 cos g + 
+ 0, 68334 } 
R 
F(@®) = (0.0504 - 5 529420-" + 77, 62240t9 - 303.67776u° + 
+ 353,59020° = 49,4169w" + 13.87938u" + 0,95) 
(w +0,4)(w* +0.625)*(w* +1)(w* +1.6)* (w* +2.5) 
ars * =| .05(w? = 3.52) (w® = 10.2) (w? = 1686) (w* - 94.9) (w® +0.0593) 
(w* = 0.16702 +0.0556) 
(w? +0.4)(m? +0, 625)" (m® +1)(w? +1,.6)* (w® +225) 
Yiels) . ‘ie (A) x Tie (A) x. Yie (A) x Yue (r) 


» 


(33) a* +136707 +3509 


"2 WG, +/2/5)(a + 45/8) (a +/8/5) (a + 5/2) 


. ae - A +96.7K° 417600 
12 ~ (a + (2/6) (a +7578) {a +875) (a + /5/2) 


($3) 


eiet (Sg) 45 +0. 764A? + 0.5640 +0, 0548 
= Yao e 4 eee 


(a+ 5/8){(A+1)(a + 8/5) 


fod 
Ow 


The fundamental networks are now modified tc realize 
these transfer functions, and the resulting normalized filter 
is shown in Fige VI-e9, The frequency cheracteristic is 
illustrated in Fig. VI-10. The completed 14-pole filter has 
a cuaranteed minimum attenuation of 26 db. and a pass-band 
width of 77 per cent of the cuteoff frequency. 

In this example, the poles of Yio(A), ise., the 6's, 
were chosen very close to unity to keen the magnitude of 
f2{%) near unity, because it was felt that this was desirable 
from the graphical approximation standpoint. Consequently 
the normalized networks have a large overall spread of element 
values. investigations show that this spread can be reduced 
by at least a factor of ten by slightly varying the a's and 
A's. Moreover, the use of alternate network forms in the 
4=pole stages will further reduce the overall spread. The 
impedance-level of any stage can also be adjusted to provide 


for physical realizability of elements. Subsequently it was 
found that, except for a very slight decrease in the pass=-band 


> c 


width, there was no objection to a wider separation of the 
8%, which would give more desirable clement values, Thus, 
although the networks obtained are practicable and may be 
improved, a complete redesign of the filter, by selecting 
a wider separation of the 6's, might be desirable, 
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FUNDAMENTAL NETWORKS FOR 3-POLE STAGES 
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FUNDAMENTAL NETWORKS FOR 4-POLE STAGES 
VALUES IN OHMS AND FARADOS 
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CONCLUSION 


A practical desien procedure for linear, passive 
RC-networks with prescribed frequency characteristics is 
developed in this papere The low-pass filters specifically 
presented compare favorably in performance with RC-filters 
based on feedback principles. Their purpose is to replace 
conventional ieC wave filters in low-frequency applications 
or in cases where other practical considerations rule cut 
the use of inductances. 

The most promising field for future work in connection 
with this precedure appears to lie in improving the solution 
to the approximation problem, A combination of the crephical 
end analytical solutions with an experimental attack seens 
feasible. An approximete craphical solution mey be used with 
the analytical form of the transfer function (Equations III<3, 
lii=4) to obtain the vcensral location of the poles and zeros 
of this functiong the exact locations may then be determined 
vy the use of an electrolytic tank as described by Linw4ill*, 
This combination of the graphical and experimental solutions 
would screatly reduce the time and lebor required by sither 
method alone. Since such a tank is useful in the solution 
of conjuzete potential function problems as well as in network 
analysis and synthesis, the development of a precise, large-scale 


electrolytic tank is recommended as a profitable project. 


i> | 


APTENDIZX A 
Se Be 


AN ANALYTICAL SCLUTICHN TO TRE APPROAIVATION PROBLEM 
os sess es Se te ee 


In Chepter II a graphical method was presented of 
obtaining a rational function of (w*) to approximate with 
Tschebyscheff behavior an ideal transfer function. it 
is possible to obtain sinmiiar results by an algebraic solution 
in the (@) domain alone, Basically, this solution consists 
of writing the analytic form of F'(w*), (Pig. II-7), and then 
applyine sufficient known or assumed values to solve for all 
unimown constants. When F'(@*) is of the third or fifth 
decree, this method requires less time than the sraphical 
solution, and gives exact results. For F'(w*) of higher 
desree, approximations become necessery, and the procedure 
is still laborious; hence the graphical method is, in general, 
preferable, 

The third=-derree approximetion function msy be written 


a5 


2E(w* + =) (o* - K)® 


(wo + BU) (@* +1) (m° +1/B) (A~ 1 ) 





F'(@*) = 





Gt 


At @” = 1, th +8 value of T'(@?) is % +6 « Applying 


this condition? 





2€{1L+ {l= K)*® 
rt(l) = 2c(2 +) (2= Ke 
(1 +65) (2 )(1+1/65) 2 


(1 + BF + 2/85 ) (1+ 2€) 
K* 4 ex? . Be Mo F+ = 0 


Pector for the larcrest positive real root. 
rxeample 


Select € = 0.055 83 = 06707 


K* 2. OK ~ 38,5K® -« 20K +10 = 0, 
K = 7,48 


“ 2 ws ~\8 
Et (q? ) wn Oella + 0.1788) (:) 7248) 


(a* $0.05) (e” #1.0) (@* +220) 


(A + 0-423) (A* + 7.48) 
Yyo(4) = TOEOCVOTITA F 1eO} CN F Le4l4) 


Two identical stages are necessary to realize the curve 


of Tig. Awl as the voltese ratio E,/B,. 


If the transfer function F(w*) of Fige II-6 is desired, 


it may be ootained from the relation 


F(w*) = F'(@?) -€ (A~% ) 


The fifthedecree approximating function may be written 


&Se 


2 ¥\2Riat g 
F'(@? )= Nie s) (w~ +Bo* +C) (hod ) 
(a? +82) (m* + =) (w? +1) (w® +62 )(w* +>) 





The three imown conditions applied are: 


F'1(0) =N K*® ¢ = 1426 
W(l-K)* (1+5B+C) 1 +26 
0) <p oo ee 
(1 . 92 ~ 1 fa 2 i 
+ BF (1 +=) (2) (2 +B )(1 + or) 
By B= 
7 (=~ )® (yo +B +0) 
Ft(%) = = = 1+ 2€ 


iL 2 1 i iL i a. 
ie TPL ge) +L)(S +82 e+ 


Substituting EC = (1+2€)/y, ana clearing? 


- | «>f) 

Paces Bo) a+4ga+psar4) 1 7 
anendunlhemmeee 

L+RBze -i (f= 5) 


(1 =K)* 


4 aN : » 
ce a ph Ay (dh gaye a 2. whe 4 
ra*(* +85) ee TE AND 
2 -~ 
L+EB =C -—r" -€) «+ (a~6) 
ae 
(¢- 5) f 


on 


‘ ~~ 2 
An arbitrary seleetion of the frequency @ => 


tions A-5 and A-G ere solved simulteneourly for B and 6. The constant 
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As an illustration of the selection of certain arbi- 
trary constants (8's, ats, and A) in the synthesis procedure 
and their influence on the element values in resulting networks, 
two cases are demonstrated. 

In Case I (Fig. Bel), the 6's are chosen near unity 


and the a's near the 6's. Resulting element values in Network 


"Oo" as a function of A are then given. For the conditions of 
Cese I, & small spread of element values is obtained only with 
an extremely critical value of A. 

In Cese II (Fig. B-2), the 6's ere more widely separated 
and the a's moved well to the left of the 6's. The resulting 
clement values for Networks "0" and "2" as a function of A 
are then given, illustrating that for these conditions a 
small overall spread of element values is obtained over a 
wide range of values of A. For the conditions of Case II, 
the choice of A "Thea (IV-]) places one near the 
optinum value of A. 

When the @&'s and a's for the mpole networks are 
selected as illustrated in Case II, the use of the general 
formuia IV-1 results in networks having epproximately the 
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